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Abstract

The peridynamic model is a framework for continuum mechanics based on the idea
that pairs of particles exert forces on each other across a finite distance. The equa-
tion of motion in the peridynamic model is an integro-differential equation. In this
paper, a notion of a peridynamic stress tensor derived from nonlocal interactions
is defined. At any point in the body, this stress tensor is obtained from the forces
within peridynamic bonds that geometrically go through the point. The peridy-
namic equation of motion can be expressed in terms of this stress tensor, and the
result is formally identical to the Cauchy equation of motion in the classical model,
even though the classical model is a local theory. We also establish that this stress
tensor field is unique in a certain function space compatible with finite element
approximations.

Key words: Peridynamics, Dynamics, Elastic material, Stress, Flux, Equation of
motion

1 Introduction

The peridynamic model [5] is an alternative theory of continuum mechanics
based on integral, rather than differential, equations. The purpose of peri-
dynamics is to provide a more general framework than the classical theory
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AC04-94AL85000.
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for problems involving discontinuities or other singularities in the deforma-
tion. The integral equations express a nonlocal force model that describes
long-range material interaction. In this context, nonlocal means that parti-
cles separated by a finite distance may exert nonzero forces upon each other.
This nonlocality is in contrast to the local force model intrinsic with classical
continuum mechanics.

In the peridynamic model, the ideas of “force per unit area” and a stress tensor
are not used. The goal of our paper is to define the force flux and the peridy-
namic stress tensor so establishing a closer connection between this and the
classical view of continuum mechanics. We demonstrate that the peridynamic
equation of motion

ρ(x)ü(x, t) =
∫

R
f̂(u(x′, t)− u(x, t),x′ − x,x) dVx′ + b(x, t) (1)

when expressed in terms of the peridynamic stress tensor, is formally identical
to the classical equation of motion, which is a partial differential equation.
Our paper shows that the peridynamic stress tensor implicitly defines a formal
Green’s function for the differential equation

∇ · ν(x) =
∫

R
f̂(u(x′, t)− u(x, t),x′ − x,x) dVx′ . (2)

Moreover, we show that a unique stress tensor field exists, satisfying an en-
ergy principle, within a certain function space compatible with finite element
approximations.

The basic relation in the peridynamic model is the equation of motion (1)
where x is a point in the reference configuration of a region R, u is the
displacement field, b is a prescribed body force density field, ρ is the reference
density field, and t ≥ 0 is the time. The vector-valued function f̂ is called
the pairwise force function, whose value is the force density (with dimensions
force/volume2) that any point x′ exerts on x. The pairwise force function
depends upon

η = u(x′, t)− u(x, t), ξ = x′ − x,

the relative displacement and position vector between x and x′, respectively,
as well as x if the body is nonhomogeneous. Balance of linear and angular
momenta places the following requirements on f̂ :

f̂(−η,−ξ,x + ξ) = −f̂(η, ξ,x), (ξ + η)× f̂(η, ξ,x) = 0 (3)

for all η, all ξ, and all x ∈ R. The function f̂ contains all constitutive infor-
mation about the material. It is often convenient, although not an essential
feature of the theory, to assume that if x and x′ are separated in the reference
configuration by a distance greater than some number δ > 0 then the particles
do not interact:

|ξ| > δ =⇒ f̂(η, ξ,x) = 0. (4)
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The number δ, if it exists for a particular material, is called the horizon.

2 Peridynamic Stress Tensor

Definition 1 Let a peridynamic region R be given with pairwise force func-
tion f̂ , and let u be the displacement field on R. For a given t ≥ 0, define a
vector valued function f : R3 × R3 → R3 by

f(p,q) =





f̂(u(p, t)− u(q, t),p− q,q) if p,q ∈ R
0 otherwise.

Thus f is the force density per unit volume squared that p exerts on q, and f
is called the pairwise force density. We remark that the constitutive model is
supplied by f̂ , in contrast to f .

Define a set I consisting of ordered pairs of vectors in which the vectors equal
each other:

I =
{
(p,q) ∈ R3 × R3 | p = q

}
. (5)

The first of (3) and (1) imply that

f(q,p) = −f(p,q) ∀q,p ∈ R3. (6)

This further implies that f = 0 on I.

We assume, throughout this section, that f(x′,x) is Riemann-integrable. This
assumption does not imply that f(p,q) is bounded as |p−q| → 0. The example
in the last section of this paper illustrates a material in which f is unbounded
in this sense.

In the remainder of this paper, S denotes the unit sphere, and dΩm denotes
a differential solid angle on S in the direction of any unit vector m.

Definition 2 Let a deformation with displacement field u on a region R be
given, and let f be the corresponding pairwise force density. Define the peri-
dynamic stress tensor at any x ∈ R3 by

ν(x) =
1

2

∫

S

∫ ∞

0

∫ ∞

0
(y + z)2f(x + ym,x− zm)⊗m dz dy dΩm. (7)

Definition 1 implies that

f(x + ym,x− zm) = f̂(u(x + ym)− u(x− zm), (y + z)m,x− zm)

3



where we suppressed t for brevity.

The following result demonstrates a relationship between the peridynamic
stress tensor and the pairwise force density.

Theorem 3 Let a deformation with displacement field u on a region R be
given, let f be the corresponding pairwise force density, and let ν be given by
Definition 2. If f is continuously differentiable on R3 × R3 − I and if

f(p,q) = o(|p− q|−2) as |p− q| → ∞, (8)

then

∇ · ν(x) =
∫

R
f(x′,x) dVx′ ∀x ∈ R3. (9)

PROOF.

To make the notation more concise, define a vector-valued function g by

g(m, y, z) = f(x + ym,x− zm) (10)

so that Definition 2 may be rewritten in terms of components in an orthonor-
mal coordinate system as

νij(x) =
1

2

∫

S

∫ ∞

0

∫ ∞

0
(y + z)2gi(m, y, z)mj dz dy dΩm. (11)

Note for later use that (6) implies that

g(−m, z, y) = −g(m, y, z). (12)

Observe from (10) and the chain rule that

∂gi

∂y
= mj

∂fi

∂pj

,
∂gi

∂z
= −mj

∂fi

∂qj

,
∂gi

∂xj

=
∂fi

∂pj

+
∂fi

∂qj

where the pj and qj refer to the first and second arguments of f as indicated
in (1). Therefore,

mj
∂gi

∂xj

=
∂gi

∂y
− ∂gi

∂z
. (13)

By directly differentiating (11) and using (13),

∂νij

∂xj

=
1

2

∫

S

∫ ∞

0

∫ ∞

0
(y + z)2

(
∂gi

∂y
− ∂gi

∂z

)
dz dy dΩm. (14)

Integration by parts leads to
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∫ ∞

0
(y + z)2∂gi

∂y
dy =

∫ ∞

0

∂

∂y

(
(y + z)2gi

)
dy − 2

∫ ∞

0
(y + z)gi dy

=−z2gi(m, 0, z)− 2
∫ ∞

0
(y + z)gi dy (15)

where (8) has been used to drop the term arising from the upper limit of
integration, i.e., gi(m,∞, z) = 0. Similarly,

∫ ∞

0
(y + z)2∂gi

∂z
dz = −y2gi(m, y, 0)− 2

∫ ∞

0
(y + z)gi dz (16)

Combining (14), (15), and (16), yields

∂νij

∂xj

=
1

2

∫

S

(
−

∫ ∞

0
z2gi(m, 0, z) dz +

∫ ∞

0
y2gi(m, y, 0) dy

)
dΩm

=
1

2

∫

S

(∫ ∞

0
z2gi(−m, z, 0) dz +

∫ ∞

0
y2gi(m, y, 0) dy

)
dΩm

=
∫

S

∫ ∞

0
y2gi(m, y, 0) dy dΩm (17)

where we have used the changes of variables z ↔ y, m ↔ −m, and (12).
Recognizing (17) as a volume integral, and replacing gi with fi, we have that

∂νij

∂xj

=
∫

S

∫ ∞

0
fi(x + ym,x)(y2 dy dΩm) =

∫

R
fi(x

′,x) dVx′ ,

and our result is established. 2

Remark 4 The condition (8) on the decay of f is automatically satisfied by
any material with a finite horizon.

Remark 5 The hypothesis and proof of Theorem 3 do not restrict the partic-
ular constitutive model that gives rise to the interparticle forces. In fact, it is
not even necessary to assume that the material has a pairwise force function.
For example, the force between any p and q could be influenced by multibody
interactions. (In this case, Definition 1 would have to be modified.)

Theorem 3 allows us to rewrite the peridynamic equation of motion (1) as

ρ(x)ü(x, t) = ∇ · ν(x, t) + b(x, t),

which is formally identical to the equation of motion in the classical theory.
The stress tensor ν is the analogue of the Piola stress tensor in the classical
theory.

To investigate the conditions under which ν is symmetric, recall from the
requirement of balance of angular momentum (second of (3)) that f is always

5



parallel to the deformed bond direction m̂ = (ξ + η)/|ξ + η|. Therefore,
the integrand in Definition 2 is symmetric when m̂ = m, which occurs if
u ≡ 0. So, ν is symmetric if the deformed configuration and the reference
configuration are the same. Otherwise, ν is in general nonsymmetric (this
is also true of the classical Piola stress tensor). In the classical model, the
Piola stress tensor S can be transformed to a Cauchy stress tensor T through
the relation T = SFT /(det F), where F is the deformation gradient tensor.
However, in the peridynamic model, it is not assumed that u is continuously
differentiable, so we cannot in general define a deformation gradient tensor.
Therefore, although ν is analogous to the Piola stress tensor S, it is not
possible in general to transform ν into a Cauchy stress tensor.

3 Behavior of the Peridynamic Stress Tensor on a Boundary

Many deformations of practical interest involve f that fails to be continuously
differentiable on ∂R as required by Theorem 3. The following demonstrates
that the basic conclusion of Theorem 3 continues to hold even in this case.

Theorem 6 Suppose that all conditions of Theorem 3 are met except that f
is required to satisfy only the weaker condition that it be continuously differ-
entiable on (R3 − ∂R)× (R3 − ∂R)− I rather than on R3 × R3 − I. Then

∇ · ν(x) =
∫

R
f(x′,x) dVx′ ∀x ∈ R3 − ∂R. (18)

PROOF. Assume, temporarily, that R is convex. Consider x ∈ R− ∂R. For
this x, let `(m) denote the distance from x to ∂R along the direction m. The
exterior of R contributes nothing to the integral in Definition 2, so the limits
of integration may be changed as follows:

ν(x) =
1

2

∫

S

∫ `(m)

0

∫ `(−m)

0
(y + z)2f(x + ym,x− zm)⊗m dz dy dΩm.

Upon differentiating to obtain the divergence as in (14), the Leibniz rule causes
new terms to appear due to the possibly finite limits of integration over y and
z:

∂νij

∂xj

=
1

2

∫

S

{∫ `(m)

0

∫ `(−m)

0
(y + z)2

(
∂gi

∂y
− ∂gi

∂z

)
dz dy

+
∫ `(m)

0
(y + `(−m))2gi(m, y, `(−m)) dy

−
∫ `(−m)

0
(`(m) + z)2gi(m, `(m), z) dz

}
dΩm. (19)
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The integration by parts in (15) also involves new terms because of the new
limits of integration, for example,

∫ `(m)

0
(y + z)2∂gi

∂y
dy =

∫ `(m)

0

∂

∂y

(
(y + z)2gi

)
dy − 2

∫ `(m)

0
(y + z)gi dy

= (`(m) + z)2gi(m, `(m), z)− z2gi(m, 0, z)

−2
∫ `(m)

0
(y + z)gi dy. (20)

Combining (19), (20), and the analogue of (19) for the integral over ∂gi/∂z
shows that the new terms arising from the boundary cancel each other out
So, the remainder of the proof is the same as for Theorem 3. The case of x in
the exterior of R is handled similarly, establishing the result (18). Any finite
number of discontinuities in g along a direction m can be treated in the same
way as shown above by defining {`1(m), `2(m), . . . } at the locations of the
discontinuities. Therefore, the conclusion holds for the case of nonconvex R
as well as convex. 2

Remark 7 Under the conditions of Theorem 6, ν may fail to be differentiable
on ∂R. However, if we restrict the domain of ν to R + ∂R, then the result
(18) holds on this closed set. This is a familiar situation in the classical theory
of continuum mechanics, in which a stress tensor field may be differentiable
on R, yet fail to be differentiable on R3.

Remark 8 The peridynamic stress tensor ν may be non-null in the exterior
of nonconvex R, but ∇ · ν = 0 in this exterior according to (18).

Remark 9 The same explanation of Remark 5 can be used to show that The-
orem 6 does not require f to be a pairwise force function.

We now address the behavior of the peridynamic stress tensor near ∂R and
the exterior of R.

Definition 10 Let B be a closed, bounded, region in R3 of non-zero volume,
and let B̄ denotes the convex hull of B.

The following result provides a boundary condition for the differential equation
(2).

Theorem 11 Let f be the pairwise force density resulting from a given dis-
placement field u on B, and let ν be given by Definition 2. If n(x) denotes the
outward-directed unit normal to ∂B at any x ∈ ∂B, then

ν(x)n(x) = 0 ∀x ∈ ∂B̄.
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PROOF. Consider any x ∈ ∂B̄. Use Definition 2 in component form to obtain

νijnj =
1

2

∫

S

∫ ∞

0

∫ ∞

0
(y + z)2fi(x + ym,x− zm)mjnj dz dy dΩm. (21)

Since B̄ is convex, any line segment whose endpoints are both in B̄ is contained
entirely in B̄. In the integrand in (21), suppose m · n > 0. Then, because n
is an outward-directed unit normal, for sufficiently small ∆y > 0, the point
x+ ∆ym is in the exterior of B̄. Therefore, because of the convexity of B̄, the
entire half-line {x + ym | y > 0} is in the exterior of B̄; establishing that the
integrand in (21) vanishes for m · n > 0. Similarly, it vanishes for m · n < 0.
The only remaining case is m ·n = 0, but since mjnj appears in the integrand,
in this case the integrand also vanishes. Hence the integrand vanishes for all
m and our result is established. 2

Remark 12 If B is not convex, then ν can be non-null at points in B̄ − B,
even though no material is present there. But ν must vanish in the exterior of
B̄.

Remark 13 Theorem 11 does not require that f be continuously differentiable.

Theorem 11 implies that the peridynamic stress tensor ν implicitly defines a
formal Green’s function for the boundary value problem

∇ · ν(x) =
∫

B̄
f(x′,x) dVx′ x ∈ B̄

ν(x)n(x) = 0 x ∈ ∂B̄.
(22)

4 Variational Interpretation of the Peridynamic Stress Tensor

Sections 2 and 3 presented a classical interpretation of the peridynamic stress
tensor. This section establishes existence and uniqueness results for ν in a
variational sense. Such an interpretation allows us to identify function spaces
associated with ν and f so providing more general conditions than possible
with a classical interpretation.

Define
F(x) =

∫

B
f(x′,x) dVx′ ∀x ∈ B.

Let an orthonormal coordinate system be given, and let ν be given by Defini-
tion 2. Define three vector fields ν1, ν2, ν3 through

(ν1)1 = ν11, (ν1)2 = ν12, . . . , (23)

thus the components of each νi are νi1, νi2, νi3.
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The balance of linear momentum (first of (3)) implies that the mean value of
Fi = Fi(x) over B is zero, so that we may choose

Fi ∈ L2
0(B) ≡ {ψ |ψ ∈ L2(B) ,

∫

B
ψ = 0 }

where L2(B) is the space of square-integrable functions defined on B with
respect to Lebesgue integration. The notation [L2(B)]3, used below, denotes
the space of vector functions defined on B ⊂ R3.

We rewrite (9) as
∫

B
ψ(∇ · νi)dV =

∫

B
ψFidV, ψ ∈ L2(B).

Standard results [4, pp. 586–587] give that

νi ∈ H0(div,B) ≡ {w |w ∈ L2(B)3, ∇ ·w ∈ L2(B), w · n = 0 on ∂B }. (24)

In words, a weak solution of the equation

∇ · νi = Fi, with νi · n = 0 on ∂B
such that

‖νi‖2
H(div,B) = ‖νi‖2

[L2(B)]3 + ‖∇ · νi‖2
L2(B) < ∞

exists. The solution is unique up to a solenoidal function in H0(div,B). A
unique solution may be specified by the energy principle

inf
1

2

∫

B
|ŵ|2, subject to ŵ ∈ H0(div,B) and ∇ · ŵ = Fi. (25)

The energy principle, in effect, selects the (weak) solenoidal function of mini-
mum energy—a unique member of H0(div,B). This minimization problem is
solved by introducing a Lagrange multiplier λ. The optimality system for the
associated Lagrangian is: Find (w, λ) ∈ H0(div,B)× L2

0(B) such that

(w, s)0 + (∇ · s, λ)0 = 0 ∀ s ∈ H0(div,B)

(∇ ·w, ψ)0 = (Fi, ψ)0 ∀ψ ∈ L2
0(B),

(26)

where
(ϕ, ψ)0 ≡

∫
ϕ(x)ψ(x)dx

for ϕ, ψ ∈ L2(B). The first equation of (26) gives that

(w, s)0 = −(∇ · s, λ)0 (27)

so that λ has a weak derivative. Therefore, applying Green’s theorem to the
first equation of (26), results in

(w −∇λ, s)0 = 0 ∀s ∈ H0(div,B). (28)
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Selecting w = νi and

λ =
3∑

j=1

∫ xj

0
νij(r)dr

implies that νi = ∇λ. The second equation of (26) is satisfied because of (9)
so leading to the following result.

Theorem 14 If f satisfies the conditions of Theorem 6 and ν is given by
Definition 2, then νi defined by (23) satisfies the energy principle (25).

Remark 15 The proof of Theorem 14 is a standard argument for the dual
formulation of the homogeneous Neumann problem

4λ(x) = Fi(x), x ∈ B
n · ∇λ(x) = 0, x ∈ ∂B,

for example, see [4, pp. 586–588] or [2, p. 43].

Remark 16 Theorem 14 does not employ the hypothesis that f(·, ·) is a pair-
wise force function. See Remark 5.

The variational interpretation gives the existence and uniqueness of a peri-
dynamic stress tensor ν under substantially more general conditions than
Theorem 6. The force function f is only required to be an element of L2

0(B)
so that differentiability of f is not assumed. Moreover, in contrast to Theorem
11, the boundary condition νn = 0 (in a weak sense) holds on ∂B regardless
of the convexity of B.

The variational interpretation allows us to exploit a relationship with the finite
element method. The finite element solution of (26) requires a pair of suitable
elements for the stress and Lagrange multiplier. The well-known elements of
Raviart and Thomas [3] result in a stable finite element method for (26). The
basis functions for the stress only satisfy continuity of the normal components
across elements, and for the Lagrange multiplier are discontinuous across el-
ements. The reader is referred to [2,4] for more information associated with
the stable numerical solution of (26).

The tensor ν and its finite element approximant νh are not symmetric, as ex-
plained after Theorem 3. This is in contrast to the classical Hellinger-Reissner
mixed formulation of the elasticity equations. The Hellinger-Reissner formu-
lation requires that the stress be an element of H0(div,B; S) and the displace-
ment in L2(B). The former space is the space of square-integrable symmetric
tensors. The recent paper [1] describes the first stable finite discretization
of the Hellinger-Reissner mixed formulation in three dimensions. We remark
that the common engineering practice assumes a local force model, e.g. Cauchy
Stress hypothesis, and a constitutive relation connecting stresses to strains re-
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sulting in a displacement based finite element method. The resulting nodal
basis functions are continuous across elements.

5 Peridynamic Force Flux

Definition 17 The peridynamic force flux vector at any x in the direction of
any unit vector n is given by

τ (x,n) = ν(x)n.

Let P be a closed, bounded subregion in the interior of B, and assume without
loss of generality that b ≡ 0 on B. Let L be the total force on P . Integrating
both sides of (1) over P ,

∫

P
ρü(x, t) dVx =

∫

P

∫

B
f(x′,x) dVx′ dVx.

Suppose f is such that the conditions of Theorem 3 are satisfied. Newton’s
second law applied to the total momentum change within P therefore implies,
using (9) and the divergence theorem,

L =
∫

P

∫

B
f(x′,x) dVx′ dVx =

∫

P
∇ · ν(x) dVx =

∫

∂P
τ (x,n) dAx (29)

where n is the outward-directed unit normal vector at any point x ∈ ∂P .
Equation (29) shows that the total force on P is the surface integral of τ .
This shows that τ (x,n) is, in this sense, the force per unit area exerted on a
surface with normal vector n at x due to peridynamic interactions.

6 Mechanical Interpretation of the Force Flux

Definitions 2 and 17 yield

τ (x,n) =
1

2

∫

S

∫ ∞

0

∫ ∞

0
(y + z)2f(x + ym,x− zm)m · n dz dy dΩm. (30)

Let y = x + ym and z = x − zm. Consider the differential area dAy on a
sphere centered at z containing y that subtends a differential solid angle dΩ
(Figure 1). Thus

dAy = (y + z)2 dΩ.

The analogous quantity on a sphere centered at y containing z is identical:

dAz = (y + z)2 dΩ.
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Fig. 1. Interpretation of the force flux at x across a plane with unit normal n.

Let dAx be the area on a plane with normal vector n through x that cuts
through the cylinder of cross-sectional area dAy = dAz with axis connecting
y and z:

dAx =
(y + z)2 dΩ

m · n
where m is the unit vector pointing from z to y. The total force that the
volume element dAydy exerts on dAzdz is

dL = f(y, z)((y + z)2 dΩ dy)((y + z)2 dΩ dz).

Thus, the differential force per unit area on the plane through x is

dL

dAx

=
f(y, z)((y + z)2 dΩ)2 dy dz

(y + z)2 dΩ/m · n = f(y, z)(y + z)2(m · n) dy dz dΩ. (31)

Comparing this with the integrand in (30) leads to the physical interpretation
of τ as the force due to bonds that “go through” x, per unit area of a plane
with normal n. The factor of 1/2 appears in (30) because the integral sums
up both the forces on z due to y and those on y due to z, which are of course
equal in magnitude.

Our mechanical interpretation of the peridynamics stress is a close descendant
of the definition of stress originally introduced in the early days of elasticity.
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Fig. 2. Peridynamic stress components in a body occupying the upper half-space
(Example 1).

According to Timoshenko [6], The total stress on an infinitesimal element of
a plane taken within a deformed elastic body is defined as the resultant of
all the actions of the molecules situated on one side of the plane upon the
molecules on the other, the directions of which (actions) intersect the element
under consideration. 2 Replacing molecule with peridynamic particle results
in a definition that is consistent with our interpretation.

7 An example

Let B be a homogeneous body occupying the half-space x3 ≥ 0, and let δ > 0.
Let the pairwise force function by given by

f̂(η, ξ) =
ξ + η

|ξ + η|3 , |ξ| ≤ δ (32)

and (4). Physically, this material is mechanically similar to a uniform distri-
bution of gravitational mass, but with a cutoff distance δ for interactions. In

2 See pages 108–109 of [6]. Timoshenko writes that this definition was due to Saint-
Venant and was accepted by Cauchy.
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the reference configuration, i.e., u ≡ 0, Definition 1 and (32) yield

f(p,q) =
p− q

|p− q|3 , |p− q| ≤ δ. (33)

At points x ∈ B sufficiently far the boundary (x3 > δ), applying (33) in
Definition 2 leads to

ν(x) =
1

2

∫

S
m⊗m

∫ δ

0

∫ δ−y

0
dz dy dΩm. (34)

Using the spherical polar angles m1 = sin φ cos θ, m2 = sin φ sin θ, m3 = cos φ,
(34) may be evaluated as

νij =
∫ 2π

0

∫ π/2

0
mimj

∫ δ

0

∫ δ−y

0
sin φ dz dy dφ dθ (35)

(see Figure 2). For points near the boundary (0 ≤ x3 < δ), the limits of
integration (35) must be altered:

νij =
∫ 2π

0

∫ π/2

0
mimj

∫ min{δ,x3 sec φ}

0

∫ δ−y

0
sin φ dz dy dφ dθ

A straightforward calculation results in the peridynamic stress tensor field
components

ν11 = ν22 =
πδ2

3





0 if w < 0(
−3w

2
+ 3w2 − w3

2
− 3w log w

)
if 0 ≤ w < 1

1 if 1 ≤ w

ν33 =
πδ2

3





0 if w < 0
(
1− (1− w)3

)
if 0 ≤ w < 1

1 if 1 ≤ w

(36)

ν12 = ν21 = ν23 = ν32 = ν31 = ν13 = 0,

where w = x3/δ. These components are graphed in Figure 2. We also have

∇ · ν =




0

0

π(δ − x3)
2




0 ≤ x3 < δ
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and zero elsewhere.

Our example illustrates some of the properties of ν that have been derived in
this paper. These include

(1) ∇·ν is continuously differentiable on R3−∂B but not on R3 as discussed
in Remark 7,

(2) νn = 0 on ∂B as shown in Theorem 11,
(3) that f(p,q) need not be bounded as |p− q| → 0.
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